Abstract This paper presents a practical method of numerical analysis for boundary shape optimization problems of linear elastic continua in which natural vibration modes approach prescribed modes on specified subboundaries. The shape gradient for the boundary shape optimization problem is evaluated with optimality conditions obtained by the adjoint variable method, the Lagrange multiplier method, and the formula for the material derivative. Reshaping is accomplished by the traction method, which has been proposed as a solution to boundary shape optimization problems of domains in which boundary value problems of partial differential equations are defined. The validity of the presented method is confirmed by numerical results of three-dimensional beamlike and plate-like continua.
Introduction
The use of modal analysis is expanding rapidly, with one notable example being the widespread application of the method to investigating the structural dynamics characteristics of mechanical systems. The modal pairs consist of natural frequencies and mode shapes obtained from modal analysis are used to identify the cause of vibrational problems. By making use of the modal pairs, one can evaluate the change of dynamic properties when mass and/or stiffness is added or subtracted without changing the structure.
However, designing a mechanical system or structure with desired natural frequencies and/or mode shapes is not easy. With respect to parametric structural optimization problems, many techniques have been proposed for modal sensitivity analysis of structural systems, among them the methods reported by Fox and Kapoor (1968) , Nelson (1976) , Wang (1991) , Hagiwara and Ma (1994) , and Lin and Lim (1995) . In non-parametric structural optimization problems, a technique for topology optimization of linear elastic continua based on homogenization theory was presented by Bendsoe and Kikuchi (1988) and has been applied to topology and shape optimization problems of vibrating structures by Diaz and Kikuchi (1992) , Ma et al. (1994) , and Tenek and Hagiwara (1994) . In this technique, the material distribution is formulated with parameters in periodic microstructures.
A limited number of papers have been presented on non-parametric boundary shape optimization problems of linear elastic continua formulated in terms of domain perturbations from a family of one-to-one mappings. One of the authors (Azegami et al. 1995 Azegami and Wu 1996; Shimoda et al. 1998; has proposed a numerical method called the traction method, based on the gradient method in a Hilbert space, for solving boundary shape optimization problems of domains in which boundary value problems of partial differential equations are defined. Wu and Azegami (1995a,b) applied the traction method to maximizing problems of natural frequencies under a volume constraint, and to the dual problems. Wu and Azegami (1995c) and Wu et al. (1997 Wu et al. ( , 1999 Wu et al. ( , 2000 demonstrated a numerical analysis using the traction method for the minimization of frequency responses such as the strain energy, kinetic energy, and absolute mean compliance.
With the traction method, the shape sensitivity, called the shape gradient, of the given problem is evaluated by using the finite element method or boundary element method based on the optimality conditions obtained by the adjoint variable method, the Lagrange multiplier method, and the formula for the material derivative. The traction method was proposed as a procedure for determining the velocity of the domain perturbation by solving a displacement of a pseudo-elastic body defined in the domain by the loading of a pseudo-external force proportional to the negative value of the shape gradient under constraints on the displacement of the invariable boundaries. Since the traction method is implemented by using the finite element method or boundary element method, it is exceptionally easy to perform, and offers the advantage that it is not necessary to refine the mesh of the internal nodes of the domain.
This paper is concerned with a method of solving boundary shape optimization problems of linear elastic continua that have prescribed natural vibration mode shapes on specified sub-boundaries. A minimization problem of an integral of the squared error of an assigned natural vibration mode shape from a prescribed mode shape on a specified sub-boundary with respect to perturbation of the domain of the linear elastic continuum is formulated first. The shape gradient of the formulated problem is found by the adjoint variable method and the Lagrange multiplier method using the formula of the material derivative. Using the shape gradient, a procedure to analyze the domain variation with the traction method is presented.
2 Shape optimization problem with prescribed natural vibration mode shapes Let a linear elastic continuum be defined in a threedimensional domain Ω ⊂ R 3 and on its boundary Γ . The continuum is fixed on the sub-boundary Γ 0 ⊂ Γ , if necessary. The weak form of the governing equation for the r-th natural vibration eigenvalue λ [r] defined by the square of the r-th natural frequency and the natural vibration mode
where the bilinear forms a( · , · ) and b( · , · ) and the admissible functional space U are defined by
The symbols {C ijkl } i,j,k,l=1,2,3 and ρ are the stiffness of the linear elastic material and the density respectively. In this paper, we use the summation convention and the notation ( · ) ,i = ∂( · )/∂x i for the partial differential, where {x i } i=1,2,3 is a coordinate system in R 3 . The symbol H m (Ω) denotes Sobolev space of square integrable, until m-order derivatives, functions defined in Ω.
Domain perturbation of Ω to Ω s ⊂ R 3 can be represented by using a one-parameter family of one-to-one mappings as presented by Zolésio (1981) , Pironneau (1984) , and Sokolowski and Zolésio (1991) :
where is a small positive number. The derivative of T s with respect to s defined by
is called the velocity. Using the definitions above, the shape optimization problem in which the assigned r-th natural vibration mode shape u [r] approaches the prescribed modeū [r] on the specified sub-boundary Γ D ⊂ Γ \ Γ 0 while the natural vibration eigenvalue is constrained to be greater than λ [r] and the volume is constrained to be less thanM can be formulated as the minimization problem of the squared error integral E(αu
) for all modal scaling factors α ∈ R by using the definition of the bilinear form E( · , · ),
This problem can be described by
and
The order in which the natural vibration modes are called should be defined, because the order can change in the process of shape change. In this paper, the order is defined at the initial shape and does not depend on the actual order based on the magnitude in the process of shape change. Determining the correspondence of the assigned natural vibration mode to the renewed mode during shape change and identifying the assigned natural vibration mode from natural vibration modes with multiple natural vibration eigenvalues can be done with the MAC (Modal Assurance Criteria), a technique for estimating the degree of correlation between mode shapes (see Allemang and Brown (1982) ).
Shape gradient
To solve problem (9) by the traction method, it is necessary to evaluate the shape gradient of the problem. The standard procedure for deriving the theoretical relations to calculate the shape gradient is to apply the adjoint variable method and the Lagrange multiplier method. The Lagrange multiplier form of the problem,
where v ≡ {v i } i=1,2,3 ∈ U has been introduced as the adjoint variable with respect to the weak form (1). In this paper, we call v the adjoint mode. Λ 1 and Λ 2 have been introduced as the Lagrange multipliers with respect to the natural vibration eigenvalue constraint and the volume constraint in (9) respectively. For the sake of simplicity, let {C ijkl } i,j,k,l=1,2,3 and ρ be fixed in R 3 and let the sub-boundary Γ 0 ∪ Γ D be invariable during domain perturbations. By using the formula of the material derivative as shown in Sokolowski and Zolésio (1991) , the shape derivative of the Lagrange functionalL ≡ dL/ds is obtained bẏ
where the linear form Gν ν ν, V with respect to the velocity V is defined by
The notation ( · ) represents the derivative of a function ( · ) with respect to domain perturbation expressed with the fixed spatial coordinates that is called the shape derivative in Sokolowski and Zolésio (1991) . The symbol ν ν ν ≡ {ν i } i=1,2,3 : Γ → R 3 denotes the outer normal vector. Considering the stationary conditions for all u
[r] ∈ U , v ∈ U ,α ∈ R,Λ 1 ∈ R, andΛ 2 ∈ R, the Kuhn-Tucker conditions with respect to u [r] , v, α, Λ 1 , and Λ 2 are obtained as
When u [r] is determined by (1), (14) can be satisfied. (15) gives the governing equation for α ∈ R. (16) gives the governing equation for the adjoint mode v ∈ U and is called the adjoint equation of the shape optimization problem. The solution to the adjoint equation will be presented in the next section. The inequalities (18) and (19) give the governing equations for Λ 1 and Λ 2 respectively. Based on the duality theorem, the optimum solution of Λ 1 and Λ 2 can be determined as the positive values that maximize the Lagrange multiplier form. These maximum conditions give a way of finding the optimum values for Λ 1 and Λ 2 by increasing the Lagrange multipliers Λ 1 and Λ 2 when these inequality equations are not satisfied in wellsuited problems.
When u [r] , v, α, Λ 1 , and Λ 2 are determined by (14)-(19), the derivative of the Lagrange multiplier form agrees with the derivative of the objective functional because all the constraints are satisfied. It is given by the linear form Gν ν ν, V with respect to V:
From the fact that the function Gν ν ν is a coefficient function with respect to the velocity V, which is the derivative of the design variable T s , Gν ν ν indicates a sensitivity of this problem, which we call the shape gradient. In particular, the function G is called the shape gradient density of the problem.
Solution to adjoint equation
The Kuhn-Tucker conditions with respect to the adjoint mode v ∈ U are given by (16) and (17). In this paper, an approach using the modal coordinate system will be considered in which the adjoint mode v can be expressed by superposing the mode shapes with adjoint modal variables {ξ [p] } N p=1 of finite number N . Considering the orthogonality with b( · , · ) among {u [p] } N p=1 in (17), it is convenient to divide v into 0 v for p = r and 1 v for p = r:
Substituting (22) 
On the other hand, substituting (21) into v in (17) and considering the orthogonality among {u
Therefore, the adjoint mode v can be evaluated with the natural vibration eigenvalues {λ [p] } N p=1 and the adjoint modal variables {ξ
For determining the number of mode shapes N , it can be a practical estimation to examine the asymptotic convergence of the solution for v with respect to increasing N that includes higher mode shapes similar in deformation type to the assigned r-th natural vibration mode shape, such as transverse bending, lateral bending, or twisting.
Traction method
When the shape gradient is evaluated, the traction method can be employed for reshaping. The traction method has been proposed as an iteration procedure of the following steps when the shape gradient density is given by G = G 0 + (ii) Solving the velocity
where a( · , · ) is defined by (2) and
that satisfy the Kuhn-Tucker conditions by using the Newton-Raphson method, for example (iv) Reshaping Ω by the mapping I + sV : Ω → Ω s , where
is the identity mapping, and s is an incremental parameter, then returning to (i) and judging convergence at (i) (26) indicates that the velocity V m is obtained as a displacement of a pseudo-elastic body defined in Ω by the loading of a pseudo-external force of −G m ν ν ν under restriction on Γ 0 ∪ Γ D as defined in (27), which was assumed in the derivation of the material derivative of the Lagrange multiplier in (11). That the velocity V decreases the objective functional can be confirmed with the coerciveness of the bilinear form a( · , · ) in a Hilbert space of D:
When the objective functionals at Ω and Ω s are expressed by E(αu
Ωs , using the coerciveness of a( · , · ) in (28), the following relation holds:
where o(·) is the Landau functional, i.e. lim s→0 1 s o(s) = 0. Indeed, the second term on the right side of the inequality is strictly negative and the third term can be made very small. The robustness of the traction method against oscillating phenomena, which often occur in moving the boundary nodes of finite element models in proportion to the negative value of the shape gradient, has been confirmed theoretically in a previous paper by Azegami et al. (1997) .
Numerical examples
The presented algorithm was implemented in a computer program that analyzes, by using the finite element method, optimum shapes of linear elastic continua that have prescribed natural vibration mode shapes on specified sub-boundaries. By using the program, numerical analyses of a beam-like three-dimensional continuum clamped at one end and a three-dimensional free supported plate-like continuum were conducted.
The finite element models were constructed using commercial software (MSC.Patran). The modal analyses of the models were performed using commercial software (MSC.Nastran) for the beam-like continuum model and a original program that used the Lanczos method and spectral conversion for the plate-like continuum model. The validity of the original program was confirmed by agreement with the numerical results of the commercial software (MSC.Nastran).
To identify the assigned natural vibration mode on the renewed model, the MAC was employed. Using the notation
for the domain in the previous step, the bilinear form in Ω (k−1) , and the natural vibration modes normalized with b(u
and chose the natural vibration mode u
[q](k) that had a value nearest to 1 in
as the assigned natural vibration mode in the renewed model.
The number of mode shapes, N , used in the evaluation of the adjoint modes was determined by examining the asymptotic convergence of the solution for the adjoint modes with respect to increasing N before the optimization analyses. From the examinations, N = 10 and 15 were selected for the beam-like continuum and the platelike continuum respectively. Figure 1 illustrates the shapes of the finite element models of the beam-like continuum, which was assumed to be completely fixed on the front plane boundary and fixed in the normal direction on the bottom plane boundary, i.e.
Beam-like continuum problem
The prescribed natural vibration modeū [r] was given with the first natural vibration mode on the bottom plane boundary in the reference model shown in Fig. 1a, i .e.
1 at Fig. 1a .
In the analysis of domain variation by the traction method, the front and bottom plane boundaries were completely fixed and all the side plane boundaries were fixed in the normal direction, i.e. 
fixing normal direction on all the side plane .
The lower limit of the first natural vibration eigenvaluē λ [1] and the upper limit of the volumeM were chosen as λ [1] and Ω dx for the reference model shown in Fig. 1a . Starting from the initial model shown in Fig. 1b , the convergent optimal model was obtained as shown in Fig. 1c . Figure 2 illustrates the iteration history of the objective functional of the squared error integral E(αu
), the first natural vibration eigenvalue λ [1] , and the volume Ω dx, which were successfully converged to the optimal condition satisfying the inequality constraints on λ [1] and Ω dx. A comparison of the first natural vibration modes αu [1] of the reference, initial, and optimal beam-like continua with the optimal α determined by (15) on the center line in the bottom plane boundary is illustrated in Fig. 3 . From the results, it can be confirmed that the first natural vibration mode approached the prescribed mode uniformly. Figures 4 and 5 Fig. 2 Beam-like continuum problem: iteration history of the objective functional of the squared error integral E(αu
), the first natural vibration eigenvalue λ [1] , and the volume Ω dx show comparisons of the second and third natural vibration modes obtained as the results of the prescribed first Fig. 3 Beam-like continuum problem: comparisons of the first natural vibration modes αu [1] of the reference, initial, and optimal beam-like continua with the optimal α determined by (15) on the center line in the bottom plane Fig. 4 Beam-like continuum problem: comparisons of the second natural vibration modes αu [2] of the reference, initial, and optimal beam-like continua with the optimal α determined by (15) on the center line in the bottom plane Fig. 5 Beam-like continuum problem: comparisons of the third natural vibration modes αu [3] of the reference, initial, and optimal beam-like continua with the optimal α determined by (15) on the center line in the bottom plane natural vibration mode shape problem. From the results of Figs. 4 and 5, it can be said that not only the first natural vibration mode, but also the higher natural vibration modes, approached those of the reference beam-like continuum in this problem.
Plate-like continuum problem
As a supported free continuum problem in which rigid body modes should be taken into account, the plate-like continuum problem shown in Fig. 6 was analyzed. The prescribed natural vibration modeū [r] was given with the first natural vibration mode, excluding the six rigid body modes, on the bottom plane boundary in the reference model shown in Fig. 6a, i .e.
In the analysis of domain variation by the traction method, the bottom plane boundary was completely fixed and all the side plane boundaries were fixed in the normal direction, i.e. Fig. 6 Plate-like continuum problem: shape optimization of three-dimensional free supported plate-like continuum in which the first natural vibration mode on the bottom plane, u [1] , approaches the first natural vibration mode on the bottom plane,ū [1] , of the reference plate-like continuum shown in (a)
The lower limit of the first natural vibration eigenvaluē λ [1] and the upper limit of the volumeM were chosen as λ [1] and Ω dx for the reference model shown in Fig. 6a . Starting from the initial model shown in Fig. 6b , the convergent optimal model was obtained as shown in Fig. 6c . Figure 7 illustrates the iteration history of the objective functional of the squared error integral E(αu
), the first natural vibration eigenvalue λ [1] , and the volume Ω dx, which were successfully converged to the optimal condition satisfying the inequality constraints on λ [1] and Ω dx. The natural vibration eigenvalue λ
[1] increased with the shape change in Fig. 7 Plate-like continuum problem: iteration history of the objective functional of the squared error integral E(αu
), the first natural vibration eigenvalue λ [1] , and the volume Ω dx Fig. 8 Plate-like continuum problem: comparison of the first natural vibration modes αu [1] of the reference, initial, and optimal beam-like continua with the optimal α determined by (15) on the bottom plane Fig. 9 Plate-like continuum problem: comparison of the first natural vibration modes αu [1] of the reference, initial, and optimal beam-like continua with the optimal α determined by (15) on A-B of the bottom plane shown in Fig. 8 this problem. A comparison of the first natural vibration modes αu [1] of the reference, initial, and optimal platelike continua with the optimal α determined by (15) in the bottom plane boundary is illustrated with a bird's-eye view in Fig. 8 and the specified view on the bottom line A-B shown in Fig. 8 is illustrated in Fig. 9 . From the results, it can be confirmed that the first natural vibration mode approached the prescribed mode uniformly.
Conclusion
This paper presented a method for solving boundary shape optimization problems of linear elastic continua in which vibration mode shapes approach prescribed vibration mode shapes on specified sub-boundaries by applying the traction method. The shape optimization problem was formulated as the minimization of the integral of the squared error of an assigned natural vibration mode shape from a prescribed mode shape on the specified subboundary under inequality constraints on the assigned natural vibration eigenvalue and the volume. The fundamental relations for the shape gradient of the problem were derived by the adjoint variable method, the Lagrange multiplier method, and the formula for the material derivative. The solution for the adjoint equation was presented by using modal coordinate system. The results of the numerical analyses verified that the traction method with the shape gradient performed properly.
The demonstrated problems consisted of 3 × 50 and 16 × 16 design variables for the beam-like continuum and the plate-like continuum problems respectively. It is not easy to apply the parametric optimization techniques presented by Fox and Kapoor (1968) , Nelson (1976) , Wang (1991) , Hagiwara and Ma (1994) , and Lin and Lim (1995) to these problems because of the number of design variables. The presented results show the superiority of the presented method in terms of consumption of CPU time.
